Abstract. We summarize recent e orts in non-LTE modeling of stellar atmospheres. We outline the basic idea of the Accelerated Lambda Iteration method and further improvements in numerical techniques which nally lead to metal line blanketed NLTE models. Some applications of the new models are highlighted.
Introduction
Modeling stellar atmospheres has made signi cant progress within the recent years. This is based on the development of new numerical techniques for model construction as well as on the fact that reliable atomic data have become available for many species. Of course these achievements go along with a strong increase of computing power.
Model atmospheres assuming LTE (Local Thermodynamic Equilibrium) have been highly re ned by the inclusion of many more atomic and molecular opacity sources, however, elaborated numerical techniques for LTE model computation are available for many years. The progress is most remarkable in the eld of non-LTE (NLTE) model atmospheres. The replacement of the Saha-Boltzmann equations (LTE) by the atomic rate equations (NLTE) requires a di erent numeric solution technique, otherwise metal opacities cannot be accounted for at all. Such techniques were developed during the last decade with big success. The Accelerated Lambda Iteration (ALI) is the basis of this development. Combined with statistical methods we are nally able to compute metal line blanketed NLTE models with a very high level of sophistication.
In this paper we discuss the basic ideas behind the new numerical methods for NLTE modeling. At rst we state the model atmosphere problem and describe the ALI solution technique. We then focus on the NLTE metal line blanketing problem and its solution by the introduction of the superlevel concept and statistical methods to treat the opacities (Opacity Sampling and Opacity Distribution Functions). Finally we demonstrate successful applications of the new models by presenting a few exemplary case studies.
The methods described in this paper generally apply to static atmospheres as well as to expanding atmospheres. We restrict ourselves here on the static, plane-parallel case. Inclusion of sphericity e ects is straightforward, but accounting for velocity elds poses several new problems in detail (see contributions by Hauschildt and H o ich and references therein). 1 2. NLTE model computation with the ALI method
In spite of the numerical e ort the question arises: Which stars need to be analyzed by NLTE models and in which cases is it su cient to use LTE models? NLTE treatment is inevitable for expanding atmospheres, for e.g. O star winds (Castor et al. 1976; Kudritzki & Hummer 1990 ), Wolf-Rayet stars (Hamann 1996 , Hillier 1990 , and nova and supernova atmospheres (see Hauschildt and H o ich, these proceedings) . But also in static atmospheres NLTE e ects are important. Generally, departures from LTE are regarded as signi cant for hot stars, where intense radiation elds govern the atomic rate equations and particle collisions are not su ciently frequent to enforce LTE conditions. However, NLTE e ects turned out to be important even in the dense atmospheres of white dwarfs, too (see Fig. 1 from . A dividing line may be drawn between NLTE and LTE regimes, located on the one side are stars with spectral type O (dwarfs, subdwarfs, and white dwarfs) and on the other side \cool" stars with spectral type B and later (i.e. T e <30 000 K). However, departures from LTE in cool stars may be signi cant for many species, which is well known and investigated since many years (e.g. in solar type stars, Steenbock & Holweger 1984) . A very extreme case was presented recently by Hauschildt et al. (1997) Figure 1 . NLTE e ects on He I/He II line pro les for He-rich white dwarfs at various T e . Signi cant di erences between LTE and NLTE spectra occur down to T e =50 000 K. At T e =40 000 K the NLTE e ects disappeared completely.
Basic equations
The classical model atmosphere problem is set up by the following equations (Mihalas 1978) . They form a highly non-linear coupled system:
The radiation transfer equations which are solved for the mean intensities J i (i = 1; : : : ; NF) on a pre-chosen frequency grid comprising NF points. The hydrostatic equilibrium equation determining the total particle density N . The radiative equilibrium equation from which the temperature T follows. 2 Figure 2 . NLTE e ects on the Ti I lines for a M dwarf model (T e =4 000 K, log g =5 cgs]). LTE: dotted curve, NLTE: solid (from Hauschildt et al. 1997 ).
The particle conservation equation, determining the electron density n e .
The statistical equilibrium equations which are solved for the population densities n i (i = 1; : : : ; NL) of the atomic levels allowed to depart from LTE (NLTE levels).
This set of equations has to be solved at each point d of a grid comprising ND depth points. Thus we are looking for solution vectors 
ALI method
The basic idea of the ALI method is to eliminate the explicit occurrence of the mean intensities J i from the linearization scheme by expressing these variables by the current, yet to be determined, occupation densities and temperature. This is accomplished by an iteration procedure which may be written as (suppressing indices indicating depth and frequency dependency of variables): (1) This means that the actual mean intensity at any iteration step n is computed by applying an approximate lambda operator ? on the actual (thermal) source function S n plus a correction term that is computed from quantities known from the previous iteration step. This correction term includes the exact lambda operator which guarantees the exact solution of the radiation transfer problem in the limit of convergence: J = S. The use of in Eq. 1 only indicates that a formal solution of the transfer equation is performed, but in fact the operator is not to be constructed explicitly. Instead a Feautrier solution 3 scheme or any other standard method can be employed to solve the transfer equation. The resulting set of equations for the reduced solution vectors d = (n 1 ; : : : ; n NL ; n e ; T; N ); d = 1; : : : ; ND is still non-linear. The solution is obtained by linearization and iteration which is performed either with a usual Newton-Raphson iteration or by other, much faster methods like the Broyden or Kantorovich variants (Dreizler & Werner 1991 , Hubeny & Lanz 1992 ). The rst model atmosphere calculations with the ALI method were performed by Werner (1986) .
Recent developments
The total number of atomic levels tractable in NLTE with the ALI method described so far is restricted to the order of 200. This limit is a consequence of the non-linearity of the equations, and in order to overcome it, measures must be taken in order to achieve a linear system whose numerical solution is much more stable. Such a pre-conditioning procedure has been rst applied in the ALI context by Werner & Husfeld (1985) . More advanced work achieves linearity by replacing the operator with the operator which is formally de ned by writing where the opacity is calculated from the previous ALI cycle. The advantage is that the emissivity is linear in the populations, whereas the source function S ( = ) is not. Hence the new operator gives the solution of the transfer problem by acting on a linear function. This idea is based on Rybicki & Hummer (1991) who applied it to the line formation problem, i.e. restricting the set of equations to the transfer and rate equations and regarding the atmospheric structure as xed. Hauschildt (1993) generalized this idea in order to solve the full model atmosphere problem. In addition, splitting the set of statistical equations and solving it separately for each chemical element means that now many hundreds of levels per species are tractable in NLTE.
A very robust method and fast variant of the ALI method, the ALI/CL hybrid scheme, allows for the linearization of the radiation eld for selected frequencies .
NLTE metal line blanketing
Despite the capacity increase for the NLTE treatment of model atmosphere problems by introducing the ALI method combined with pre-conditioning techniques, the blanketing by millions of lines from the iron group elements arising from transitions between some 10 5 levels could only be attacked with the help of statistical methods. These have been introduced into NLTE model atmosphere work by Anderson (1989 Anderson ( , 1991 . At the outset, model atoms are constructed by combining many thousand of levels into a relatively small number of superlevels which can be treated with ALI (or other) methods. Then, in order to reduce the computational e ort, two approaches were developed which vastly decrease the number of frequency points (and hence the number of transfer equations to be solved) to describe properly the complex frequency dependence of the opacity. 4
These two approaches have their roots in LTE modeling techniques, where for the same reason statistical methods are applied for the opacity treatment: The Opacity Distribution Function (ODF) and Opacity Sampling (OS) approaches. Both are based on the circumstance that the opacity (in the LTE approximation) is a function of two only local thermodynamic quantities. Roughly speaking, each opacity source can be written in terms of a population density and a photon cross section for the respective radiative transition: n l lu ( ) In LTE the population follows from the Saha-Boltzmann equations, hence n l = n l (n e ; T ). The OS and ODF methods use such pre-tabulated (on a very ne frequency mesh)
(n e ; T ) during the model atmosphere calculations. The NLTE situation is more complicated, because pre-tabulation of opacities is not useful. The population densities at any depth now also depend explicitly on the radiation eld (via the rate equation which substitute the TE Saha-Boltzmann statistics) and thus on the populations in each other depth of the atmosphere. As a consequence, the OS and ODF methods are not applied to opacity tabulations, but on tabulations of the photon cross sections ( ). These do depend on local quantities only, e.g. line broadening by Stark and Doppler e ects is calculated from T and n e . In the NLTE case the cross section takes over the role which the opacity played in the LTE case. So, strictly speaking, the designation OS and ODF is not quite correct in the NLTE context. 
Superlevel concept
The large number of atomic levels in a single ionization stage is grouped into a small number of typically 10{20 superlevels or, energy bands. Grouping is performed by inspecting a level diagram (Fig. 3) which shows the number of levels (times their statistical weight) per energy bin as a function of excitation energy. Gaps and peaks in this distribution are used to de ne energy bands. Each of these bands is then treated as a single NLTE level with suitably averaged statistical weight and energy. All individual lines 5 connecting levels out of two distinct bands are combined to a band-band transition with a so-called complex photon cross section. This cross section essentially is a sum of all individual line pro les which however conserves the exact location of the lines in the frequency spectrum. This co-addition is performed once and for all and on a very ne frequency mesh to account for the pro le shape of every line, before any model atmosphere calculation begins. These complex cross sections (examples are seen in the top panels of Figs. 4 and 5) are tabulated and later used to construct ODFs or to perform OS for the model calculations.
OS and ODF approaches
The OS or, alternatively, ODF approaches are performed merely in order to save computing time during the model atmosphere calculations. In principle it is possible to proceed directly with the complex cross sections constructed as described above. However, this would require a very ne frequency mesh over the entire spectrum in order to discretize the cross sections in a similar detailed manner, resulting in some 10 5 frequency points. Since computation time scales linearly with the number of frequency points in the ALI formalism, a reduction to some thousand or ten thousand points easily reduces the computational e ort by an order of magnitude. Opacity Sampling is the more straightforward approach. The ne cross section is sampled by a coarse frequency grid and the resulting coarse cross section is used for the model calculation (Fig. 4) . Individual lines are no longer accounted for in an exact way, but this is not necessary in order to account for the blanketing (i.e. ux blocking) e ects on the atmospheric structure. A high resolution synthetic spectrum can be obtained easily after model construction by performing a single solution of the radiative transfer equation on a ne frequency mesh. (Fig. 3) are co-added to a complex photon cross section resolved by 330 000 frequency points (top panel). Sampling of this cross section with 300 points results in the cross section shown in the bottom panel.
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The alternative way is the construction of Opacity Distribution Functions (or, more correctly, cross section distribution functions). Each complex cross section is re-ordered in such a way that the resulting ODF is a monotonous function (see Fig. 5, middle panel) . The resulting smooth run of the cross section over frequency can be approached by a simple step function with typically one dozen of intervals. This cross section is then fed into the model atmosphere code which can use a coarse frequency mesh to appropriately incorporate the ODFs. In order to avoid unrealistic systematic e ects, however, the cross section bins within each ODF are re-shu ed randomly (bottom panel of Fig. 5 ).
Many numerical tests concerning model atom construction with superlevels were performed by studying the e ects of details in band de nition and widths. Also, the resulting model atmospheres using ODF and OS approaches were compared and generally, good agreement was found (Haas 1997 ). Figure 5 . Construction of a cross section distribution function and its representation by a step function (middle panel) from a portion of a complex cross section (top). In the bottom panel a randomized arrangement of the interval steps is shown.
3.3. Atomic data All the recent progress in stellar atmosphere modeling would not have been possible without the availability of atomic input data. Major data sources were put at general disposal by the Opacity Project (Seaton et al. 1994 , see also the paper by Pradhan in these proceedings) and the work by Kurucz (1991) . These sources provide us with energy levels, line transition probabilities, and bound-free photon cross sections. The Iron Project (Hummer et al. 1993 ) is delivering electron collision strengths which are important for NLTE calculations and which were hardly available up to now. We cannot over-emphasize these vital contributions to our work. 7
4. Application to hot compact stars
The prime motivation for developing the ALI method was the unsolved problem of NLTE metal line blanketing in hot stars. We want to focus here on two topics which highlight the successful application of the new models. The rst concerns the Balmer line problem which appeared to be a fundamental drawback of NLTE models. The second example describes the abundance determination of iron group elements in evolved compact stars by constructing self-consistent models which can reproduce simultaneously the observed spectral properties of white dwarfs and sdO stars from the optical region through the EUV regime.
Balmer line problem
The so-called Balmer line problem describes the failure to achieve a consistent t to the Balmer line spectrum of any hot sdO star whose e ective temperature exceeds about 70 000 K. Results of T e determinations drastically deviate, up to a factor of 2, depending on which Balmer line is examined. This problem was uncovered a few years ago during NLTE analyses of very hot subdwarfs and central stars of planetary nebulae. Since then, it cast severe doubt upon NLTE model atmosphere analysis techniques as a whole. With new available models computed with the ALI method we were able to show that the problem is due to the neglect or improper inclusion of metal opacities. We showed that the Balmer line problem can be solved when surface cooling by photon escape from the Stark wings of CNO lines is accounted for (see Fig. 6 , Werner 1996) . While pure H-He models show a high-temperature plateau at the surface, our most sophisticated model shows a monotonous temperature run (full line). Formation depth intervals for selected lines are represented by horizontal bars. T e =82 000 K, log g =6.2, solar abundance ratios.
Iron and nickel in sdO stars and white dwarfs
The optical spectra of hot white dwarfs and subdwarf O stars are dominated by helium and/or hydrogen lines. Metals are highly ionized and their spectral lines are almost 8 exclusively located in the UV and EUV regions. High resolution spectroscopy with the International Ultraviolet Explorer (IUE) has revealed a wealth of spectral features from iron and nickel which, however, could not be analyzed because of the lack of appropriate NLTE calculations. First attempts for quantitative analyses were performed with line formation calculations on pre-speci ed temperature and pressure model structures which in turn were obtained from simpli ed LTE or NLTE models (i.e. disregarding metal line blanketing e ects; Vennes et al. 1992 , Becker & Butler 1992 . Subsequently fully line blanketed LTE models were employed, however, NLTE e ects turned out to be nonnegligible (Dreizler & Werner 1992 , Werner & Dreizler 1994 , Rauch 1997 . Our latest models include 1.5 million lines from the iron group elements, which are taken from the Kurucz (1991) line list (Haas et al. 1996) . As an example for the quality of the ts we can achieve, Fig. 7 shows a portion of the UV spectrum of the sdO star Feige 67 and the best tting model. The derived abundances suggest that radiative levitation is responsible for the heavy element abundances in these stars. 
Conclusion
The last and long-standing problem of classical model atmosphere theory is nally solved.
